Magnetic rotor-bearing system has drawn great attention because of its several advantages compared to existent rotorbearing system, and explicit Runge-Kutta method has achieved good results in solving dynamic equation. However, research on flexible rotor of magnetic bearing is relatively less. Moreover, explicit Runge-Kutta needs a smaller integral step to ensure the stability of the calculation. In this article, we propose a nonlinear dynamic analysis of flexible rotor of active magnetic bearing established by using the finite element method. The precise Runge-Kutta hybrid integration method and the largest Lyapunov exponent are used to analyze the chaos of the rotor system at the first-and secondorder critical speed of the rotor. Experiment on chaos analysis has shown that compared with the explicit Runge-Kutta method, the precise Runge-Kutta hybrid integration method can improve the convergence step of calculation significantly while avoiding iterative solution and maintain high accuracy which is four times the increase of the integral step.
Introduction
The rotor system of active magnetic bearings (AMB) has attracted many researchers' attention because of the complex nonlinear dynamical characteristics. 1 For nonlinear rotor dynamics, if the self-deformation caused by the rotation of the rotor cannot be neglected, the rotor can be considered as a flexible rotor, 2 which could show modal shapes at different critical speeds. 3, 4 When the rotor is running at the critical speed, great resonance may be caused which will seriously affect the stability of the rotor at high speed. As a consequence, different kinds of chaos appear and even cause accidents to AMB. 5 Sun et al. 2 proposed hybrid factor to design hybrid magnetic bearing. Wan et al. 3 realized the nonlinear dynamic decoupling control of 5 degree-of-freedom magnetic bearing. Evdokimov et al. 6 gave unbalance analysis of the rotor system and computation of its critical mode shapes. The impact caused by the unstable vibration of the rotor is an important factor in the failure and destruction of the bearing cracks. These complex dynamic phenomena are essentially caused by 1 School of Science, Wuhan University of Technology, Wuhan, China 2 School of Mechanical and Electronic Engineering, Wuhan University of Technology, Wuhan, China nonlinear factors. Due to bearings' limited force capacity, they have to incorporate retainer bearings to protect the rotor and stator against high-amplitude vibration levels.
For either AMBs or traditional mechanical bearings, in the classical rotor dynamics, the method of analyzing the dynamic characteristics of the flexible rotor system mainly includes the transfer matrix method 7 and the finite element method. 8 With the increase in the order of the transfer matrix method, the degree of freedom of the rotor system does grow. And the transfer matrix method has the characteristics of simple programming and fast operation, but it is not easy to solve the nonlinear problem of the rotor system. Sun et al. 4 established the transfer function matrix method based on the theoretical system model combined with the measured frequency-response model. Mao et al. 7 proposed a transfer matrix method to identify the dynamic parameters of a flexible rotor-bearing system. Finite element method, as known at present, is more accurate than the transfer matrix method, but the finite element method will be more computationally complex when the matrix order increases the number of nodes of the rotor growth. The finite element method was used by Han et al. 9 to discuss the patterns of change in the natural frequencies and mode shapes of the flexible-disk rotor system. Arias-Montiel and Silva-Navarro 8 proposed a finite element method by dividing bearing into several nodes, and 7 degrees of freedom is experimentally validated using both an output feedback (one disk displacement) and an estimated state feedback controller.
The Runge-Kutta (RK) method is a common method for solving the rotor system. Numerical analysis using the fourth-order RK method and sliding mode control is adopted by Jang et al. 10 However, there may be no convergence in the iterative process, and the divergence will not disappear with the decrease in the integral step. The standard RK method is used to develop the Duhamel integral term of the response state equation in the fine integration method, and a precise Runge-Kutta hybrid integration (PIM&RK) method is constructed. The hybrid integral method can not only avoid iterative calculation but also have high precision in solving structural nonlinear problems. 11 Du et al. 12 proposed an efficient framework of coupled vibration of a train-bridge system and PIM&RK for dynamic analysis, and the results showed that the calculation efficiency for convergent integral steps of PIM&RK is larger than that of RK.
It is important to conduct a research on the flexible rotor regarding how to make it work safely when crossing the critical speed. 13 The study of the chaotic characteristics of the flexible rotor system of magnetic bearing has been drawn considerable attention. The Lyapunov exponent as a particularly identified approach which is used in chaotic recognition to rotor has become one of the focuses of research.
14, 15 Sun et al. 4 proposed an identification method for an AMB system with a flexible rotor. Meanwhile, many control techniques currently are used in magnetic bearing systems. 16 Chen et al. 17 designed a self-tuning fuzzy proportional-integral-derivative (PID)-type controller for unbalance compensation in an AMB. Jang et al. 10 designed a sliding mode controller for AMB system.
In the above research, we note that the finite element method has drawn great attention, but the amount of calculation is enormous. Therefore, in this article, the characteristics of fine integral method and RK method 11 are synthesized, and an analytical framework for non-iterative and efficient solution of rotor vibration is proposed. We utilize the PIM&RK to solve the dynamic equation of flexible rotor, which is used to improve accuracy. The main contributions of this article are presented as follows:
1. Based on the finite element method, we set up the finite element modeling on flexible rotor of magnetic bearing and give a detailed analysis. 2. The precise RK hybrid integration method is introduced in this article, 11 which can increase the convergence step of calculation significantly while avoiding iterative solution and preserving high accuracy as a fine integral method. 
Related work
For the nonlinear dynamics equations, a properly modified numerical method not only improves the calculation accuracy but also analyzes equations better. Recently, the finite element method has drawn great attention for flexible rotor system analysis, and the precise RK hybrid integration method has achieved good performance in dynamic equations with its various characteristics. So, in this section, we briefly introduce the finite element modeling of magnetic bearing with flexible rotor system and PIM&RK. The structure diagram of AMB is shown in Figure  1 . The AMB consists of control coil, stator, and rotor. When the AMB works, the eight coils of stator are evenly distributed along the circumference by 45°. The two radial degrees of freedom are controlled by adjusting the compound rotating magnetic field produced by the eight-phase alternating current in the eight coils. We replaced the NSNS arrangement with NNSS arrangement. The magnetic coupling of the NSNS arrangement is stronger than the NNSS arrangement, which increases the complexity of the control system. 18 When the AMB is suspended steadily, the static biased magnetic field generated makes the rotor to be in the balanced position.
Finite element modeling of magnetic bearing with flexible rotor system
The rotor system of magnetic bearings has complex nonlinear dynamics. When the rotor is rotating at low speed, the rotor is considered as a rigid rotor when the self-deformation caused by the rotation can be neglected. As the demand for speed increases, especially when the rotor enters a critical speed, the rotor is considered as a flexible rotor when the self-deformation caused by the rotation cannot be neglected. In this case, the rigid rotor control method cannot be used to stabilize the flexible rotor, which may cause failure or damage to the bearing. Therefore, Arias 8 established a finite element model for two-disk flexible rotor system. Each element is regarded as an Euler beam structure and is used to calculate and control the unbalanced vibration.
The discretization model of rotor is illustrated in Figure 2 . Then according to the length, calculation quantity and precision of each specific unit shaft, divided into several nodes in each shaft section, finally simplified to a system model with 79 nodes.
Nodes 6 and 74 are the locations of the metal rubber bearing of the magnetic bearing. k 1 is the support stiffness of bearing and k 2 is the support stiffness of metal rubber ring. c 1 is the support stiffness of bearing and c 2 is the support stiffness of metal rubber ring. m 1 and m 2 are the mass of two radial magnetic bearings.
Finite element modeling of flexible rotor is a common tool for rotor dynamics analysis. The magnetic rotor bearing is an elastic system with continuous mass distribution. It can simplify the rotor to a multi-degreeof-freedom system with limited lumped mass. The basic idea of the finite element method is to divide the whole rotor into a finite element according to the node. Each element is connected to each other at a node, so that the motion of a rotor with continuous mass distribution is dispersed into the motion with finite degrees of freedom. The more the element number of the rotor, the more accurate the model is, but the amount of calculation is greatly increased.
The two adjacent nodes of the flexible rotor are used as the basic element of the finite element analysis, which is called the elastic shaft segment element, as shown in Figure 3 . The left end is the i node and the right end is the i + 1 node. The space coordinates of each shaft segment can be expressed by the displacement vectors of the two ends, known as the generalized coordinates of the shaft segment. The displacement vector of the ends can be expressed by the axis coordinates x and y and deflection angles u y and u x as
According to the lumped parameter method, starting from the rotor node 1, the four state vectors at the right end are calculated according to the boundary constraints of the left end, and then, the state parameters at the right end of the adjacent segment are calculated. Hence, we establish the dynamic equation of each shaft segment element. Without considering the effects of shear and torsional deformation, the dynamic differential equations of an elastic shaft segment element in the two directions of x and y are
where v is the angular velocity of rotor and ff x g and ff y g are the generalized external force vector on x and y directions at the element of the elastic axis, respectively. ½m x , ½d x , ½g x , and ½k x and ½m y , ½d y , ½g y , and ½k y are the mass matrix, damping matrix, gyro matrix, and stiffness matrix on the x and y directions at the element, respectively. They are all 4 3 4 matrix. According to the finite element method, after listing the dynamic equations of each shaft segment based on the connection relationship between adjacent elements, each element equation can be integrated into a large matrix dynamic equation of the rotor as
where fFg is the generalized external force vector, ½M is the mass matrix, ½K is the stiffness matrix, ½D is the damping matrix, and ½G is the gyro matrix. Since the rotor of AMB is suspended without contact, the internal damping is 0, and the damping matrix ½D is a zero matrix. The equivalent damping of AMB is reflected in the electromagnetic force by the form of external damping. The electromagnetic bearing support is the external force of the rotor at the position of the electromagnetic bearing node
In the small-square stand for the corresponding ½m, ½g, and ½k matrix of each element, they are arranged diagonally and overlap the 2 3 2 parts of the adjacency matrix. The upper part of ½M, ½K, and ½G is the dynamic equation of the x plane, and the inferior part is the dynamic equation of the y plane. They are all 4N 3 4N order sparse symmetric matrix. At the non-supported and non-rotor ends, the dynamic equations are as follows
where U i is the state vector of node i, M i is the mass matrix of node i,
i is the stiffness matrix of node i À 1, i, and i + 1, and F i is the generalized external force vector of node i. Where where J x and J y stand for the moment of inertia of the diameter of the x axis and the y axis, respectively; J z stands for the polar moment of inertia of the z axis. I is the section inertia moment of shaft segment, and I = pd 4 =64, where d is the diameter of the shaft segment, l is the length of the shaft segment, and E is the elastic modulus of the material.
The two ends of the rotor are in free state and are not affected by external force and torque. Thus, the dynamic equation of element 1 is as follows
The dynamic equation of element 79 is as follows
We choose element 1 to analyze the influence of the rotational speed parameters on the chaotic behavior of the system.
The PIM&RK method
In this section, the PIM&RK method is introduced. The dynamic equation with finite element discretization can be written as follows
where m is the mass matrix, c is the damping matrix, k is the stiffness matrix, n is the degree of freedom of the structure system, and u is the n-dimensional displacement vector. F(t) is the nonlinear load vector of time variation.
Transform equation (10) into a first-order state equation 19 as follows
where
! where v(t) is the 2n dimensional state vector, f (t, v(t)) is the 2n dimensional force correlation vector, and H is the 2n 3 2n dimensional constant matrix. Equation (11) is composed of two parts: general solution and special solution as
The first item in the right-hand is a general solution, and the second item of the right end is a special solution. The calculation time is divided into several time intervals of Dt.The response relation between t + Dt and t time system response can be obtained from equation (12) as
The second term on the right side of equation (13) is Duhamel. It is obtained by the fourth-order RK method as
where a 1 = exp (HDt)f (t, v(t)) and
where r is the order of RK and r i , h k , and g kj are the control parameters.
Let r = 4, obtaining an integral expression with fourth-order accuracy
Calculating a 1 based on v(t), forward Dt and forecast system state v(t) + a 1 Dt=2 by a 1 , and calculate a 2 and then reforecast system state v(t) + a 2 Dt=2 by a 2 and calculate a 3 . Reforecast system state v(t) + a 3 Dt=2 by a 3 and calculate a 4 . The final calculation is obtained through the prediction from a 1 to a 4 .
Thus, the predictive correction calculation from a 1 to a 4 instead of the iterative operation is required for the implicit integration method. The PIM&RK method is formed by Algorithm 1.
Lyapunov exponent analysis
Lyapunov exponent depicts the discrete extent between two adjacent trajectories in the phase plane, which clearly divides the deterministic motion and the chaotic motion.
For continuous systems, there are
Let X (t) be a datum trajectory and X (t) be its adjacent trajectory. We define the norm of X = ½ x 1 x 2 Á Á Á x n T as follows
The discrete extent of the distance between X (t) and X (t) with time is as follows
Let dX (t 0 ) k k be sufficiently small at time t 0 , and then, the one-dimensional Lyapunov exponent is defined as follows
In the n-dimensional continuous system, dX (t) has components on each substrate. Each component can be calculated by equation (19) for a l. Thus, existing n Lyapunov exponents, called Lyapunov exponent spectra. If the largest Lyapunov exponent l max .0, the system must be in chaos. Thus, we can calculate the largest Lyapunov exponent to identify whether the system is in chaos.
For the system, the effect of speed on chaos is shown in Figure 4 . Figure 4 presents the largest Lyapunov exponent l max .0 when the speed is 4800-5000 and 10,000-12,000 r/min. For this rotor, the first-and second-order critical speeds are found near 5294 and 10,900 r/min, respectively, and the system should be in chaos. Arredondo et al. 5 proposed flexible rotor with modal
Algorithm 1. (PIM&RK)
Input: mass matrix m; damping matrix c; stiffness matrix k; n-dimensional displacement vector u; nonlinear load vector of time variation F(t) Output: x displacement; y displacement
State vector v(t) is composed of general solution and special solution according to equation (12) 3. Divide the calculation time into several times at intervals of Dt according to equation (13) 4. Compute the special solution with the explicit four-order Runge-Kutta method according to equation (14) 5. Set r = 4 6.
, and
shapes at different speeds, and the chaos appeared are also different. It will be verified in the simulation.
Simulation
In this section, we use the sliding mode controller 10 to show the numerical calculation results produced by RK and PIM&RK methods. The AMB system is a complex system with multiple inputs, multiple outputs, strong nonlinearity, and high coupling degree. The reliability and stability depend largely on the control method of the system. The conventional PID control theory cannot be used very well. Although the combination of PID and other control strategies is highly accurate, the control system design is complex. The sliding mode controller is insensitive to internal parameters and external disturbances and has good robustness, which can effectively improve running performance of the system. 20 We compare their accuracy with our proposed method to prove its validity and do the chaos analysis based on the results.
Simulation setting
In this section, the parameters of the current AMB system are shown in Table 1 .
Simulation procedure
As to equation (8), we use the PIM&RK method to resolve the dynamic equations with differential rotor speeds around first and second critical speeds under the control of sliding mode controller. Then, we make trajectory, y direction displacement images, and chaos analysis based on the calculation results. Next, we make a comparison with RK. Finally, we evaluate and calculate performance of PIM&RK based on the results of three different steps.
Simulation results and analysis
In section 3, we have theoretically made a chaotic analysis of the rotor at two critical speeds through largest Lyapunov exponents. In this section, we detect the firstand second-order critical speed to verify the results obtained. The trajectory and y direction displacement of the rotor at element 1 and chaos analysis with different speeds are shown. In addition, the effectiveness of our proposed method is evaluated by experimenting different steps and comparing with RK method.
Chaos analysis. Figure 5 illustrates the trajectory and y direction displacement of the rotor at element 1 at the speed of 4800 r/min. The rotor does not get into chaos at this speed and is in a steady state of periodic motion. Figure 6 illustrates the trajectory and y direction displacement of the rotor at element 1 at a speed of 5000 r/ min. At this speed, the rotor just arrived in the chaos state and entered the critical state of the quasi-periodic motion. Figure 7 illustrates the trajectory and y direction displacement of the rotor at element 1 at a speed of 5500 r/ min. At this speed, the rotor reaches the second-order critical speed of the rotor, entering chaos, and there is a divergent trend in the trajectory of the rotor at this time.
From Figures 5-7 , when the speed is close to the critical speed, the rotor trajectory gradually comes into an extremely complex unstable state of motion from the periodic motion. Figure 8 illustrates the trajectory and y direction displacement of the rotor at element 1 at speed for 8000 r/ min. Under the control of the sliding mode controller, the rotor does not get into chaos at this speed and is in a steady state of periodic motion. Figure 9 illustrates the trajectory and y direction displacement of the rotor at element 1 at speed for 10,000 r/min. At this speed, the rotor begins to 
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approach the second-order critical speed, and the rotor just arrived in the chaos state and entered the critical state of the quasi-periodic motion, similar to the state of 5000 r/min. Figure 10 illustrates the trajectory and y direction displacement of the rotor at element 1 at the speed of 11,000 r/min. At this speed, the rotor reaches the second-order critical speed, and there is a divergent trend in the trajectory of the rotor at this time, and the system displacement is in the unstable state of chaotic motion.
From Figure 10 , we can see that compared with the first critical speed, chaos is more serious with different mode shapes at the second-order critical speed. Figure  11 illustrates the rotor movement process at element 1 for 0.32 s at the speed of 11,000 r/min, and it also presents the process of how the rotor begins its quasiperiodic motion into chaos. From Figures 5 to 11 , we can see that before entering the critical speed, the rotor trajectory can be in a regular and stable state, and with the increase in speed, the trajectory has a divergent trend; continuing at this speed, the rotor from the stable state to an unstable state that confined to a certain area and the trajectory is extremely complicated.
Performance comparison with previous approaches. We check the accuracy of RK and PIM&RK for chaotic analysis with the speed of 11,000 r/min. The correctness and accuracy of the results of the PIM&RK method are evaluated by numerical experiments using comparison test of x displacement with RK method in 0.05 s at 11,000 r/min. The results are shown in Figure 12 . Figure 12 presents the result of the RK method and the PIM&RK method with the integral step Dt = 1 3 10 À4 s, and the simulation result of two methods tallies. Further increasing the integral step Dt, it is found that the convergent result cannot be obtained by the RK method. In Figure 13 , the convergent result of the PIM&RK method is given under the condition of Dt = 4 3 10 À4 s, which is four times the increase in the integral step. A good convergence result is obtained.
The numerical calculation results of the PIM&RK method are reported in Table 1 for Dt = 1 3 10 À4 s, Dt = 2 3 10 À4 s, and Dt = 4 3 10 À4 s. From Table 2 , we can see that the PIM&RK methods maintain high accuracy in different steps for Dt = 1 3 10 À4 s, Dt = 2 3 10 À4 s, and Dt = 4 3 10 À4 s, and the calculation results are basically the same (see also Zhang et al.
11
). The accuracy is not reduced with the increase in step. And the results are shown in Figure 14 .
In Figure 14 (a), the x displacement in 0.016-0.019 s is presented, and in Figure 14(b) , the x displacement in 0.0164-0.0172 s is presented. From Figure 14 (a) and (b), we can see that x displacements coincide at the same time t. Consistent with the results in Table 2 , the smaller the step size, the more accurate the x-vibration image obtained. Thus, the high accuracy is verified according to the results of Table 2 and Figure 14 . PIM&RK still maintain high accuracy, which increases the integral step. We can increase the integral step to simplify the calculation while calculating more simulation data points. shows that compared with the first critical speed, chaos is more serious with different mode shapes at the second-order critical speed. It is helpful to design the controller to cross the critical speed smoothly and protect the rotor.
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(a) (b) Figure 14 . PIM&RK with different integral step.
